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ontrol-volume approach to analyzing a constant area ejector yields
two solutions: one with a subsonic mixed flow and one with a

supersonic mixed flow. The supersonic mixed flow produces the best
efficiencies and highest total pressures. The properties of the
supersonic mixed flow are of necessity related to the properties
of the subsonic mixed flow by the normal shock relations. Nonethe-
less, in practice, the subsonic mixed flow is, in general, not
achieved through a normal shock (or pseudo-normal shock) from the
supersonic mixed flow solution.

If the ejector has a supersonic primary flow at the inlet and
if the resulting mixed flow is supersonic, then the highest
efficiencies are achieved with a subsonic secondary flow at the
inlet. Thus, this is the mest favorable condition to operate an
ejector. However, some of the solutions which are consistent with
the mathematics of the analyses clearly violate the second law of
thermodynamics and would not be possible in an ejector. Other
regions of the solution with supersonic mixed flow do not violate
the second law but produce mixed flows that have higher kinetic
energies when expanded to ambient pressure than the kinemacic
energy in the priamry flow when expanded to the same pressure.

In this paper, these conditions are investigated and thermo-
dynamic processes and associated devices are identified which
would be able to achieve this performance, consistent with the
control volume requirements upon which the ejector analysis is
based. It is important to determine the conditions and range of
operation that can actually be achieved in an ejector. This is
accomplished in this paper.

If the exit flow from the ejector is subsonic, the back pres-
sure {or the effective back pressure, is there is a diffuser)
determines where the ejector will operate; that is, the inlet
secondary flow Mach number is determined by the pressure boundary
condition at the exit for a given geometry and given stagnation
conditions of the primary and secondary fluids. However, if the
back pressure is low enough, then the mixed flow at the exit is
supersonic and the operating condition is independent of the back
pressure at lower values. Thus, for a supersonic mixed flow at
the exit, some other condition is reguired to determine the
operating point. This condition is given in the paper and
incorporated in the analysis.

> A model is presented that gives a physical interpretation
to the various solutions obtained from the mathematics, and more
importantly, some fundamental limits are presented and a procedure
is developed for determining the efficiency that can be achieved
in a constant area ejector when the mixed flow is supersonic.
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SECTION 1
INTRODUCTION

For many years, ejectors have found wide applications in jet
pumps, steam-jet refrigeration, mercury diffusion pumps, etc.
More recently, ejectors have been investigated for flight appli-
cations, especially as a method of thrust augmentation, and their

potential usefulness has been demonstrated in experimental aircraft.

The topic of ejectors has been extensively studied over the
years -- a recent publication by Porter and Squyers1 lists over
1,600 references concerning ejector systems and related topics.
Analyses of the mixing problem can be divided into two general
types: detailed mixing models using the Navier-Stokes equations;
or, the control volume approaches which use integrated forms of
the conservation equations of mass, momentum, and energy. -The
one-dimensional control-volume approach, using a compressible
fluid, was chosen for this study since it affords the best vehicle
for the parametric studies required to understand the potential

of ejectors for a given application.

It has been known for some time (see, for example, references
2 through 5) that the analyses of a constant area ejector lead
to a double valued solution: one where the mixed flow is sub-
sonic; and the other where the mixed flow is supersonic. Further,
it is well known that these two solutions are related by the
normal shock relations.

Recently, Alperin and Wu6 have pointed out the potential
advantages of the supersonic branch for applications to thrust
augmentation. Minardi, et a1.7, who were recently studying two
fluid ejectors for applications in turbines at the University of
Dayton Research Institute (UDRI), found results for their appli-
cations that were consistent with those of Alperin and Wu. Both
studies indicated that extremely high efficiencies could be




obtained on the supersonic branch. It was the purpose of this

study to determine fundamental performance characteristics and
limitations of these high performance ejectors to establish a
basis for their application to thrust augmentation.

i




SECTION 2
CONTROL VOLUME ANALYSIS

Two types of ejectors are widely considered: the constant
area ejector and the constant pressure ejector. We will concern
ourselves mainly with the constant area ejector, a schematic of
which is shown in Figure 1. Of course, a flightworthy ejector
used for thrust augmentation would have many essential elements
that must be properly integrated. A good discussion cf such an
integration is given by Alperin and Wu6. The major elements are
the flight inlet diffusers for the engine and bypass air, the jet
engine itself, the inlet nozzle geometry for the secondary air
{bypass air) to the ejector, the inlet geometry for the primary
gas (engine gas leaving the turbine), the ejector mixing tube and
finally, the diffusor (or nozzle) where the mixed flow exits to
the atmosphere. We are going to concentrate only on the ejector
since the other elements, although not simple, are well understood
and have found wide application in flight vehicles.

For example, a better bypass air inlet would simply produce
a higher value of secondary inlet air total pressure POS (see

Figure 1). The ideal inlet would produce a value of PO equal to

s
the isentropic stagnation pressure determined by the flight Mach
number. A better exit diffusor would allow the ejector to

exhaust to a higher back pressure, (see Figure 1). An

P
back
ideal isentropic diffusor would allow the ejector to exhaust the
flow into a back pressure equal to the total pressure of the
mixed flow at the exit, Py (the mixed flow at station m of

m
Figqure 1).

However, to understand the essential features of an ejector
it is best to first consider only the simple schematic of
Figure 1 where the stagnation conditions of the primary and
secondary gases are considered given and the back pressure
Pback’ can be adjusted to any designed value. 1In this way, the
essential features of the ejector will not be masked by the
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features of the other elements, especially the exit diffuser.
However, a word of warning may be in order -- a poor diffuser can
completely obviate the value of a good ejector.

The usual conditions that are applied to constant area

mixing are as follows:
(1) The flow is steady and the enthalpy is constant;

(2) The exit area (A in Figure 1) is equal to the sum of
the inlet areas of the primary flow Ap and the secondary

flow AS; and,

(3) No net pressure forces are acting on the ejector walls

{(friction forces are frequently accounted for).

Condition 1 is an obvious, reasonable assumption. Conditions
2 and 3 follow directly from the constant area geometry. However,
condition 2 could also be valid for a nonconstant area geometry
and it is conceivable that condition 3 might also hold for some
nonconstant area geometry where the exit area equals the inlet
areas. Thus, the constant area geometry is a sufficient condition
to yield the three conditions stated above, but not a necessary
condition. This will be discussed in greater detail later in this

report.

In view of Figure 1 and the conditions stated above, we
can write the following equations for one-dimensional flow that is

completely mixed at station m.

Continuity:
plsAsVs + plPAPVP = pmAVm (1)
or
mg + my = My (1)
Energy: »
I;‘s os t I;‘p op I;"mhom (2)
5

Py




Momentum:

P, A +mV_ + P

lp'p PP lsAs S s m (3)

also from condition 2

A=A + A (4)

If we assume that we have ideal gases then we can solve the
above system of equations in a straightforward, though somewhat
tedious manner. Our approach to this is given in Reference 7 and
in Appendix I. Other equally valid approaches are given in
References 2 through 6 and in many of the 1,600 references of
keference 1. It is not our purpose here to review the details of
these solutions but rather to discuss some of the results

obtained from computer programs based on these solutions.

Figure 2 presents the results for both branches for the solu-
tion of the equations for a constant-~area ejector with a constant
mass flow ratio. The two solution branches are marked subsonic
and supersonic on Figure 2. The branch with supersonic mixeé flow
is referred to by Alperin and Wu6 as the "second solution." We
have also shown the results for a constant pressure solution on
Figure 2. The solutions presented are for air driving air with a
pressure ratio, Pr’ of 6 (Pr EPOP/POS) anéd a temperature ratic, Tr,
cf 3.7 (Tr ETOP/TOS).
might be possible with a modern jet engine. The mass flow ratio

These ratios are representative cf what

(MR = ﬁp/ﬁs) was taken as 0,1 (or a bypass ratio of 10). The
efficiency based on availability is plotted as a function of the

secondary inlet Mach number Mg. The primary inlet Mach number,

Mp is adjusted to match the pressure at the inlet (i.e., Plp = Pyg).

The efficiency based on availakility is the ratio of the
thermodynamic availability in the mixed flow divided by the
availability in the incoming primary flow. The availability for
both flows is referenced to the stagnation conditions of the

secondary flow. The second law requires that the efficiency
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based on this concept be less than or equal to one for an

adiabatic system.

As seen in Figure 2, the value of the efficiency, n,
exceeds one on the supersonic branch at subsonic inlet Mach numbers,
MS, less than 1. Also note that a choking of the flow takes place
in the constant area case and no real solution exists for a range
of secondary inlet Mach numbers, MS. This condition disappears
at lower bypass ratios as seen in Figure 3, where all the conditions
are the same except that the bypass ratio is 2 instead of 10.
Complete tables of data for Figures 2 and 3 are given in Appendix A.

In calculating the data for Figures2 and 3, we assumed
that the inlet pressures of the primary and secondary flows were
the same. However, if one of the inlet flows is supersonic, then
this condition need not be true. In fact, a map of the performance
for all combinations of inlet Mach numbers can be developed for
both branches of the solution. We developed a computer program
based on the work of Hoge4 to construct such maps. Results of
these calculations are shown in Figures 4 and 5 where lines of
constant efficiency, based on availability, are drawn in the
M;-M; plane. (M*, the ratio of velocity to the speed of sound at
Mach one, was used since it has a finite maximum value). For
Figures 4 and 5, the pressure ratio and temperature ratio are the
same as used for Figures 2 and 3. The mass flow ratio MR is 0.1
(bypass ratio of 10) which is the same as for Figure 2. The
region of imaginary solutions, called the forbidden region, is a
large, egg-shaped region which is cross-hatched on Figures 4 and 5.
The value of the mixed Mach number on the boundary of this
region is one.

The locus of points in the plane where the inlet pressures
are equal is the solid line labeled Plp = pls on Figures 4 and 5.
If we took a cut through the two surfaces along this line and
plotted the efficiencies versus M (instead of M;) we would
obtain the same results as plotted on Figure 2 for the constant
area solutions. The part within the forbidden region, of course,
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SUBSONIC BRANCH EFFICIENCY
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Figure 4. Subsonic Branch Efficiency Map.
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M = SECONDARY
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Figure 5. Supersonic Branch Efficiency Map.
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has only imaginary solutions and neither branch is shown on

T

Figure 2 for that range of Mach numbers, Ms’ that lie within the
forbidden region.

It is of interest to note that extremely high efficiencies,
equal to or greater than one, are achieved on the subsonic branch
(at low M; values of Figure 4) as well as the supersonic branch
(see Figure 5). Thus, the high efficiencies are not just a property
of the second solution, but can occur on either branch. However,
if the condition of equal pressure at the inlet is used, then
only the supersonic branch exhibits the extremely high efficiencies.

Figures 4 and 5 illustrate all of the possible solutions that

satisfy the equations listed earlies for the given set of conditions.
It is quite clear, however, that many of them could not possibly

be achieved in an ejector. For example, if both M; and MB are
subsonic, then PlP must be equal to Pls if the flows were to enter
an ejector. But the locus of points along which this pressure
condition holds does not enter the part of the plane where both

M; and M; are subsonic. Thus, none of these solutions could occur

in an ordinary ejector.

It was considerations such as these that lead to the following
set of questions:

1. Can the supersonic solution be achieved at a subsonic
value of secondary inlet Mach number MS?

2. How does one understand the exceptional solutions
exemplified by the values at subsonic inlet Mach
numbers of the second solution?

3. What are some fundamental limits of performance of

mixers?

4. What are the limits of performance that can actually
be achieved on the second solution branch?

In the remainder of the report, we will attempt to answer
these questions.




SECTION 3
ON THE EXISTENCE OF THE SECOND SOLUTION

From the theoretical perspective given below, it will become
obvious that the second solution can be achieved in the region
where the inlet secondary Mach number is one or less. This is
most easily seen if we consider the results for the solution of a
constant geometry case in response to operation with different
back pressures, Pb' of Figure 1. Figures 6 through 9 were
obtained for constant geometry. The curves shown on Figure 6 are
fundamentally different from those of Figures 2 and 3. All three
figures are drawn for constant area ejectors, brt the geometry of
the ejector is different at each value of M, in either Figure 2
or Figure 3, while the geometry within the control volume is
constant for all values of M, in Figures 6 through 9. In calcu-
lating the data for Figures 2 and 3, the mass flow ratio was held
constant and a side condition was set: the inlet pressures of
the primary and secondary stream were made equal. Thus, the
geometry required to produce the same pressure at the inlet and
the constant mass flow ratio changes at each value of M in

either Figures 2 or 3.

Nonetheless, we see that Figure 6 still exhibits the extreme-
ly high values of efficiency at the subsonic inlet Mach numbers
of the seccndary flow on the supersonic branch of the solution
(i.e., second solution). The conditions used for calculating the
data for Figures 6 through 9 are given on the figures. Figure 7
presents the total pressure of the mixed flow at the exit divided
by the total pressure of the secondary gas. Since the total tem-
perature is fixed by the ratio of the mass flow rates, only one
other thermodynamic property from the stagnation state is required
to fix the stagnation state of the mixed flow. Therefore,
knowledge of either the total pressure (from Figure 7), or the
availability (from Figure 6) is adequate to fix the stagnation
state of the mixed flow. Thus, either Figure 6 or 7 could be
obtained from information oun the other.
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Figure B8 presents the mixed flow Mach number for both solu-

tion branches. From Figure 8 it is clear that the mixed flow
Mach number on the subsonic branch is well subsonic--less than
0.8, while the supersonic mixed flow Mach number is greater
than 1.3.

Figure 9 presents the static pressure in the mixed flow for
both branches. Note that the static pressure on the subsonic
branch is higher than on the supersonic branch. It is instruc- ;
tive to do a thought experiment with Figure 9 and Figure 1 in |
view. A particular solution from those presented on Figures 6
through 9 results by setting the back pressure, Ppack ©f
Figure 1. The setting of this boundary condition actually deter-
minres where the ejector will operate. From the geometry of '
Figure 1 it is clear that Mg must be 1 or less since there is no
throat in the secondary flow ahead of the inlet. Therefore, we
are only concerned with the solutions where Mg is one or less on
Figures 6 through 9. .

If the mixed flow Mach number, Mm’ is subsonic, then the
exit static pressure must be equal to the back pressure. Conse-
guently, in view of Figure 9, the subsonic solution is possible
only if the back pressure is in the range cf 1.01 to 1.51. 1If the
back pressure is set below 1.01, say 0.8, then the supersonic
solution must be achieved at some secondary inlet Mach number of
one or less. Of course once the back pressure is low enouch so
that the supersonic branch is achieved, the operation of the H
ejector is independent of the back pressure since signals cannot
be transmitted upstream. Thus, the ejector will operate at only
one point on the supersonic branch, irrespective of the value of
the back pressure. Since the ejector operation is independent of
the back pressure on the supersonic branch, another condition is
required to determine the operating point. This condition will
be discussed in detail later in the report. In any event, from

our theoretical arguments, it is clear at this time that the

18




supersonic branch can be achieved. Furthermore, there is sub-
stantial data in the literature to support this conclusion fe.c.,
see Reference 3).

It is still important to understand the physical significance
of the extremely high efficiencies that we have seen on both the
subsonic and supersonic branches as indicated on Figures 2 through

6. We will consider this in the next section.
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SECTION 4
CONSIDERATIONS OF THE CONTROL VOLUME ANALYSIS

As discussed previously, the constant area geometry is a
sufficient condition to derive the control volume equations used to
obtain the solutions we have discussed. The geometry shown in

Figure 10 might also give the same set of equations.

In the geometry of Figure 10 the exit area, Am’ equals the
sum of the inlet areas; therefore, the continuity and encrgy
equations are the same as for the constant area geometry. If a
turbine-fan combination was included in the control volume, it
would exchange energy between the primary and secondary flows,
but no heat or work would cross the control volume boundaries.

Consequently, the energy equation would not change.

Finally, if the wall shapes were properly chosen, the momen-
tum equation could also be the same. Clearly we could get some
results with this device that we could not obtain with the ejec-

tor and vice-versa.

Considerations such as these lead to the conclusion that the

constant area geometry is a sufficient condition to derive the

set of equations used for its analysis but it is not a necessary
condition. Since it is not a necessary condition, some of the

solutions to the equations may not be possible with an ejector.

On the other hand, since it is a sufficient condition, all of the

solutions possible with an ejector will be found using the

equations.

In order to understand how all of the solutions could be
achieved and determine fundamental limits of mixers we have devel-
oped, for thouyht experiments, a set of machinery within our
control volume for which the equations are still valid. We will
look at some of the fundamental limits in the next section.
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SECTION 5
FUNDAMENTAL LIMITS OF MIXERS

For the purpose of a thought experiment, consider Figure 11
which contains a set of machinery within a control volume. The
machinery of Figure 11 is described in detail in Appendix B. We
show a jet engine as the source of the primary fluid while the

secondary fluid is supplied by the atmosphere.

The first thing we wish to consider is reversible mixing of
the two streams.

5.1 REVERSIBLE MIXING

As an aid in understanding reversible mixing and other con-
cepts discussed later, we want to consider the processes shown on
the T-s diagrams of Figures 12 and 13. The T-s diagram being used
was normalized with the properties of the secondary flow: T and

[e5)

Pos' Further, the entropy is referenced to the secondary flow and
then normalized with the gas constant, R. The As/R on the T-s

diagram is (s—sos)/R.

In the case of reversible mixing, the primary fluid expands
in the reversible isentropic turbine to state 2P (see Figures 11
and 12). The work from the turbine is used to compress the
secondary gas in the reversible isentropic compressor C4 to the

state 2s. The stagnation temperature of the two fluid streams

are the same in states 2P and 2s, and we will call this temperature

T .
om

Equating the work of the turbine to the work of a compressor
for arbitrary flow rates yields:

mpcp Top - Tom) = mscp(Tom - Tos) (5)

(
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or,

mh +mh = (m_ +m_)h . (5')

In view of Equations 1 and 2 we see that the temperature Tom 1S
the mixed flow stagnation temperature which depends only on the '
mass flow ratio or by-pass ratio and the total temperature of the
two streams.

The secondary flow then enters the isothermal turbine Cé
(see Figures 11 and 12) and the work from the turbine drives the
isothermal compressor C5 which compresses the primary gas. The
heat transfer from the primary gas required for the isothermeal i
processes is transferred to the turbine C6 to maintain the tem-
perature of the secondary gas. Since we are assuming that the
processes are reversible we have for the heat transfers:

mpTom(Sop “ Som) T ®sTon{Som = Sos!? (6) :

L N " . o

In view of Equations 5 and 6 we have

qu Tom Sop Som

[}

(7)
Tom os Som os

From Equation (7) we see that the mixed state in reversible
mixing lies on the straight line joining the point s to the
point p. Equation (7) can be rearranged to show this more E
clearly:
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as /R

T T as /R
LU 1 +( Op_ _ l)__.g_m___ (8)
op

where As = s-s_ .
os

In order to determine the value of the total pressure,
Pom for the reversible mixing , we need to use Equation (6} and the

equation for the en:ropy change for an ideal gas:

In view of (§; we can obteain

Therefore:

m_oy /'I‘ mn P Y T p
L — 1n[2B)- 21 °E) 1nf 2| ppf-om) (D)
my v=1 Tos/ ™n os y-1 Tos Pos

From Equation (l1) and the energy equation we can show:

r~ -
Yl
. Y-
m . .
T m
TE P opP , _S
m . .
P p m m_ T m
pom = Pog m 0OS : m (12)
os os . Juley
op fm
Tos
b -

Equation (12) gives the total pressure of the mixed flow
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that can be achieved in reversible mixing at the station 1lm and
agrees with a similar result obtained by Kennedyz. This is the
highest value of total pressure that can be obtained without the
aid of heat transfer out of the control volume. With the use of
the isothermal machine, C7 (see Figure 11), still higher total

pressures would be possible. It is very important to realize

Sk,

that the presence of C7 is consistent with the energy equation,

Equation (2).

Of course, if the final total pressure exceeds that given
by Equation (12), one can say that the second law is violated for
an adiabatic control volume (or, we need C7). However, in the

cases when the machines C3 through C6 (see Figure 11) are real,
the situation is different: the total pressure at lm would be
less than that given by Equation (12). But, the isothermal machine,

C7, could bring it closer to the value for reversible mixing with- o
out it being an obvious violation of the second law. For this

reason, we have called the machine, C7, the "ghost machine" since O
its effect may be totally masked.

For the thought experiments for the machinery of Figure 11
this ghost machine is not too important, but, for an ejector
there must be intrinsic loss mechanisms because we have, in
general, differences in velocity, temperature, pressure, and

sometimes, species at the entrance to the ejector.

However, the ghost machine, which is consistent with our
equations, can completely mask these intrinsic lcsses without an
apparent violation of the second law. The second law, therefore,
may not give us a realistic estimate of the maximum performance
of an ejector. Some other condition is needed to more realistically
estimate the maximum performance; such a condition is available
and will be discussed in detail later.

Another interesting point about Equation (12) is the fact

that, in general, more kinetic energy can be obtained from an
expansion of the mixed flow to any pressure than could be obtained
from separate expansion of primary and secondary flows to the same




pressure. The total pressure that yields the same kinetic energy

is derived in the next section.

5.2 CONSTANT KINETIC ENERGY MIXING

If the flow mixes such that the gross exit kinetic energy is
constant, we can write the following equation:

y-1 y-1
. P Y . P Y
mT o (1 - <P——f ) +mT |1 - (P—f > -
os p op op
(13)
y-1
Pe\ 5
MTom |2 =\ B
om
In Equation (13), Pf is an arbitrary final pressure to which the
flows expand. In view of the energy equation for an ideal gas,
Equation (13) becomes
x-1 y-1 Y-1
P Y P Y P Y
. f . £ . f
i) T ()T iy (22
s 08 Pos P op Pop m om Pom

Clearly, since Pe cancels out of Equation (14), the result is
independent of the final pressure to which we can expand the
flows. In particular, this means the result is independent of
the ambient pressure except for its influence on Pos' In that
case, Pos would be the stagnation pressure due to the flight Mach
number and Pf would be the ambient pressure. 1In view of the

energy equation, we can solve Equation (14) and obtain:




-
Y
B Top -1
th T
Pom Pqp S os
P -1 (15)
os os — .
P Y m_ T
—op + R Zop |
P m_ T i
(03] S 0S8 :
e pu

Equation (15) determines the total pressure of the mixed
flow that will yield the same kinetic energy as was available in

the primary and secondary flows before mixing.

This pressure can be obtained by the machinery of Figure 11
in the following way. The primary flow expands through the
reversible adiabatic turbine C3 and compresses the secondary flow
to the same value of pressure in the reversible adiabatic
compressor C4. The processes are shown on the T-s diagram of
Figure 13. The two flows are then mixed and come to the final
temperature Tyn. The processes just described also represent the

ideal mixing turbofan.

Since the work of the turbine equals the work of the
compressor we have in view of the T-s diagram of Figure 13

ms(TZS - Tos) = mp(Top - sz) (16)
or
m_T (2—5-—1)351'1‘ (1-3-49) (17)
S os Tos p op Top

Because of the isentropic processes we have:




hd POm K : Pom !
msTos P—"— 1 = mpTop 1l - "p—_' (18)

Equation (18) can easily be rearranged to obtain
Equation (15). Hence, the total pressure given by Ecuation (15},
which conserves kinetic energy, can also be considered as the
total pressure which is obtained from an ideal mixing turbofan.

In deriving Eguation (15) we assumed that the gross exit
kinetic energy in the mixed flow was equal to that of the two
separated flows before mixing., It can be shown, however, that
exactly the same result is obtained if we equate the increase in

kinetic energy across the core engine by itself to that of the

engine-nixer combination, (i.e. ﬁp(V§p -~ Vg) = mm(V§m - VEL from
which we can show that m V? +m v2 = m V? . In these equations

plp s £ m jm
we have assumed expansion to atmospheric pressure. The exit-jet,

primary velocity is Vjp and mixed-flow, exit-jet velocity is ij.
The loss-free, exit-jet velocity of the secondary flow is equal
to the flight speed, Vf. Thus, the thermodynamic efficiency of
the engine with mixer is the same as that of the core engine.
Again this represents an ideal turbofan,

5.3 SIMPLE MIXING OR STRAIGHT MIXING

Still another pressure of interest is the final pressure
that results from mixing two quantities of gas in a nonflow
system with mass ratios equal to the bypass ratio. We have
referred to this as simple mixing or straight mixing. We can
think of having two cylinders of gas: one with a mass equal to
ﬁp and total temperature and pressure of the primary; the other
with a mass equal to mg and total temperature and pressure of the
secondary. We then allow the two cylinders to communicate and
mix adiabatically. Since the total volume remains unchanged we
have in view of the energy equation and ideal gas relations
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m_ T +m. T =m. T =P (V_ + V) (19)
s os p op m~om om' s P

where Vg and Vp are the total volumes of secondary and primary

gas respectively. Eliminating the volumes yields

m_T m_T
msTos o To = Pom( S;OP * ls)os (20)
p op os op
Solving for Pon/Pos yields:
~ o n
m_ T
Pom pOP m TOS
, = 5 - . (21
os os| P m_ T
_°p ., P _c°p
_Pos Mg Tos_

Equation (21) gives the pressure that can be achieved in 2
simple mixing of the two gases in a nonflow process. However, a
cyclic, quasi-steady-flow device can be envisioned that would mix
two quantities of gases according to Equation (21). Thus, it is
reasonable to comvare the performance of an ejector to the simple

mixing case.

It can be formally shown that if one expands the primary
fluid in a reversible adiabatic process and uses the work to
compress the secondary fluid in a reversible adiabatic process
and then mixes the two fluids by simple mixing, then a maximum
value of Pyn is achieved if the pressures are equalized before
mixing, The value of this maximum pressure, Pgp., is @-ain given
by Equation (15) and shows that conserving kinetic energy is the
optimum that can be achieved by the use of isentropic machines in

the nonflow case.
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Having determined a number of limiting pressures it is of
interest to determine the minimum total pressure of the mixed
flow which gives a thrust augmentation of one for various

conditions.

5.4 TOTAL PRESSURE NEEDED FOR THRUST AUGMENTATION

The overall efficiency of an aircraft engine is defined as
the power out (thrust, t, of the engine times the flight
velocity, Vf) divided by the heat rate, Q, supplied to the

engine:

n = = J = N « N (22)

As shown in Equation (22) the overall efficiency, "oa. is
the product of the engine efficiency, "yh, and the propulsion
efficiency, "pr. (M¢h = AKEj/é and "pRr = er/AKEj where AKES is
the increase in jet kinetic power, l/Zﬁp(Vgp—V%)]. If the thrust
of an engine is augmented while holding the flight speed constant
and engine heat rate fixed (which is the case of the mixer) we

see from Equation (22) that

Joa2 _ T2
T

; z ¢ (23)
OAl 1

where subscripts 2 and 1 refer to augmented and unaugmented
values, respectively.

Hence, the ratio of overall efficiencies is equal to the
ratio of thrust (the thrust augmentation, ¢). Equation (23) is

valid even if bR is unchanged but n is changed. This can

th
happen, for example, if the jet velocity and O are fixed but the

mass flow is increased (decreased) because nth is increased
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(decreased). (Note that we are concerned with a given engine 1in
combination with a mixer and, therefore, the heat rate, 0, is
fixed). From Equation (22) we see that Npp can increase because,
either M¢p increases or "pgr increases or both increase. If the
kinetic energy decreases, Myp will decrease but Ny can still
increase if MNpr is sufficiently increased (e.g., as happens with a

turbofan). ]

For the case of a mixer we have for complete expansion to

atmospheric pressure: *

¢=.—2—= m (24)
1

where Vjym is the jet velocity of the mixed flow, Vyp is the jet
velocity of primary flow without the mixer and V¢ is the flight

velocity.

If we set the thrust augmentation to one we can solve
Equation (24) for the jet velocity ratio:

\Y) m VvV m
Vap ™ Vop  Tn

Now for an ideal gas with constant specific heats we have for the

jet velocity ratio:

r -
Porb -
am Y
\Y% 2 Tom| 1 ~ |7
JM _ om
v = T -l (26)
Jp op 1 - Pamb 17—
Po
P -
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If we combine Equations (25) and (26) we can solve for Pgyn/Pgyg:

. . 2
P P T m_ Vv m
_0_1'2 = amb l - _CE_ T.é ._f__-+ - X
Pos pos Tom M VJP “m
(27)
o
v-1 y-1
1 - Pamb pos Y
P * P
os op
If we assume that P,g is the isentropic stagnation pressure
resulting from the flight wvelocity then:
-1
P it
Vo\2 T 1 - ( ;ﬂb Y
£ oS os
v T =1 (28)
JP op pamb Pos -
L= 15 P__
os op
and
- —lT
P y-1 Y-
amb - ] e — M2 (29)
P 2 ®
os
Clearly, in view of Equations (27), (28) and (29) we see
that

pOl'!'l TO PO 1'.(1
5 = £lm_, =R, B, P (30)
os T P m
oS os m
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An explicit expression will be derived in the next section.
Equations (27) through (29) were solved and Pom/Pos was plotted

os and Top/Tos = 3.7. The

versus M_ on Figure 14 for Pop/P
curve parameters is ﬁp/ﬁm. If the mixed total pressure is greater
than the value, read off the appropriate curve of Figure 14, then

the thrust augmentation would be greater than one.

The data for Figure 14 can be used to draw lines on a T-s
diagram where ¢ = 1, as shown in Figure 15. We have also shown
the locus of states for reversible mixing (Equation 12), constant
kinetic energy (Eguation 15), simple mixing (Equation 21) along
with the values for ¢ = 1 at the indicated Mach numbers. We have
only shown supersonic flight Mach numbers, but the subsonic curves
would lie between the M = 1 and M = 2 curves or just slightly to
the left of the Mach one curve. The peaks of the curves of
Figure 14 are just slightly subsonic, like M = 0.85.

Since Tom/To§ i? fixed for a given mass flow, we have shown
lines of constant mp/mm on Figure 15, which are, or course, hori-
zontal lines on the T-s diagram. If the total pressure out of a
given mixer lies between the reversible mixing curve and the
constant kinetic energy curve, both Nen and "pRr would be increased
in Equation (22). If the total pressure lies between the
constant kinetic energy curve and the appropriate ¢ curve for the
flight Mach number, then Nen decreases but "pr increases suf-
ficiently to give a thrust augmentation greater than one. If the
total pressure lies to the right of the appropriate ¢ curve for
the flight Mach number, then the thrust augmentation is less than

one and the overall efficiency will have decreased.

In the next section we will generalize the thrust augmenta-
tion curves for any mixer in terms of the efficiency of the
mixing process.
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REVERSIBLE MIXING
—————— CONSTANT KINETIC ENERGY
—— —— SIMPLE MIXING

ALSO: THRUST

AUGMENTATION OF

1 FOR INDICATED

MACH NUMBERS

P/Pog =108 6 4 3 2
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Figure 15. T-s Diagram for Pop/Pos = 6 and Top/’l‘os = 3.7, Showing

States for Reversible Mixing, Constant Kinetic :
Energy, Simple Mixing, and Thrust Augmentation of 1. ‘
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5.5 THRUST AUGMENTATION AS A FUNCTION OF MIXER EFFICIENCY

When the velocity of a fluid is achieved in an isentropic

flow, we can relate the velocity to the temperature as

v = \/2cpfro (r - %) . (31)

In view of Equations (31) and (24), we have for the thrust

augmentation
. J Tom J _ Tm _ \/l - Tamb
™ Tos Tom Tos
¢ = 5 . (32)
m T [ T T
p J__QE 1 - _P - Y1 amb
Tos T Tos

Using the energy equation and the well-known isentropic

relationships, we can show:

0 -y-1 '
™ Top , s (1+Y-1Mz)_Po_m Y -1,
RV M) -5 R
mm mmTos mm os
4 = m (33)
m y-1
P T P - 1=
og‘/ y-1 2)_ op Y - -1
V7 (1+ 7 M) P 7 Y%
oS oS

We can relate the total pressure to the efficiency based
on availability by using Equation (A-34) of Appendix A and
the energy equation:




P
ﬁgﬂ = Exp (Dn - N) (34)
os
where
v, " [Tep Top M Fop
D = ;m- " T -1 - 1n T + S 1n P (35)
m os os m os
m m
and
y TP_ T I_nP_ T, ﬁ\s
N = 'Y—_I = —‘ET -1 ~ 1n S T_E - T (36)
m os m os m
m m m

Of course the bypass ratio, ﬁs/ﬁp, is easily determined from

either of the other mass flow ratios.

We have used Equations (33) through (36) to construct
Figures 17 and 18, which show thrust augmentation versus Mach
number. In all of the three figures, Pop/Pos is 6 and Top/Tos
is 3.7. The page parameter is the bypass ratio, m /mp, which
is 14.9, 5, and 2 on Figures 16, 17, a~d 18, respectively. Each
of the figures has the efficiency as the curve parameter; 100
percent efficiency is, of course, reversible mixing. Since both
of these pressures are independent of the flight Mach number,
they correspond to only one value of efficiency on a given
figure; e.g., the ideal turbo-fan corresponds to about 80 percent

efficiency on Figure 16.

From the figures we see that the highest thrust augmenta-
tion occurs at subsonic flight Mach numbers for the higher

PR




efficiencies. The lower efficiencies, however, have higher
thrust augmentations at the higher Mach numbers. In Figures 16,
17, and 18 the pressure ratios and temperature ratios are held
constant and no attempt was made to model these parameters to fit
actual engine performance as a function of flight Mach rumber.

We plan to do this as part of our future work.

There is still one limit value of pressure that can be
determined with the aid of Fanno lines generated for the mixed
flow.

5.6 MINIMUM TOTAL PRESSURE FOR A GIVEN BYPASS RATIO

If the exit flow is completely mixed, as we have assumed, §

then we can evaluate a minimum total pressure that is consistent
with the mass flow ratio or bypass ratio. Fanno line flow is

developed from considerations of only the continuity and energy
equations for a constant area channel. The mass flow parameter,

G (the mass velocity) is defined as

G =

1’;111'1
N . (37)

For a given geometry and given states of primary and secon-
dary fluids, the value of G is fixed as soon as the total mass
flow, ﬁm, is known. Of course, the total temperature is deter-
mined by knowledge of the mass flow. Thus, we can immediately
construct a T-s diagram for the given conditions. Such a T-s
diagram is sketched on Figure 19 for values of T _/T of 3.7

op’ “os
and P__/P of 6. If we know the geometry (e.g., as in the case

of thgpejZEtor of Figure 1) we could also determine a value of
Mg (inlet secondary Mach number) required to give the mass flow
ratio under consideration. Thus, we have indicated values of
Ms on Figure 19 that might be valid for a particular geometry of
the type shown on Figure 1. For any given flow rate, two values

of Ms are valid: one subsonic, and the other supersonic.
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Thrust Augmentation as a Function of Flight Mach
Number for a Bypass Ratio of 14.9. Curve
parameter is efficiency.
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As an example, on FPigure 19 we have labeled a value of

Tom/TOS that corresponds to a value of M, = 0.6 (or M, = 1.52).
The intersection of this particular temperature line and the
straight line joining the primary and secondary stagnation con-

ditions gives the state for reversible mixing.

If we drop an isentropic (vertical) line from this stagna-
tion state for reversible mixing we can find the two intersections
with the appropriate Fanno line. We have shown these intersec-
tions as small circles on the T-s diagram of Figure 19. The
intersections represent the static properties of the flow that
correspond to the given flow rate and the stagnation conditions
of the mixed flow. Of course, the flow on the upper branch is
subsonic and that along the lower branch is supersonic.

We have also indicated a pair of points connected by a
dashed line which represents a normal shock. These points repre-
sent the pair of solutions that can be obtained for the ejector.
Isentropic lines connecting these points to the appropriate total
temperature gives the stagnation states which correspond to the

two solutions.

Additional dissipative mechanisms (such as friction) would
move the resulting solutions to the right {(increasing the
entropy) on the T-s diagram. As is well known, there is a limit
to the dissipation that can take place without decreasing the mass
flow. At this limit point, the mixed flow Mach number is one.
The intersection of the isentropic line drawn from the limit
point to the appropriate total temperature gives the minimum
value of the total pressure that is consistent with the exit area

and the mixed flow mass-flow rate.

The value of this minimum total pressure can be found in
a straightforward manner. The value of the mass velocity can be

written in terms of Mach number and stagnation conditions:
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M

Y P
- 9 (38)
To

v+l
(1 . Y-le) Ty=1)
3

Thus, for the mixed £low at the point where the Mach number

R

is one:
PO v+l
N
min 2 2{y-1
G, = i ‘[E Y=t (39)
T R {v=l
om
or
2
Q':f‘xm QA
S = f£{vy,R) * = (43}
T
om
How
. * . . *
ommln mm AO nD mm h2N
E(y,R) + —=m=—.R. 2-2F2.F.g (42)
T A o A m A P
om P P P

We have assumed the Pop is high enough that the primary
nozzle flows full. Therefore, an equation similar to
Equation (40) is also valid for the primary flow when the Mach
number is one at the nozzle throat. Using this condition we can

easily obtain:

P . *
OMmin - Tm . ig Pop on’ Tos (42
. ; -
Pos my A Pog Top/Tos
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In view of the energy equation

P . ‘Af - .

m_ . m 4a P

“min _ Tm %p Zop [Mp [, _ "p\Tos (43)
Pos mp A pOS mm mm) TOD

Thus, the minimum pressure can be determined immediately
from the geometry and the stagnation conditions once the mass
flow ratio is given. If the dissipative processes required a
lower pressure than the value given by Equation (43) the fiow
would choke and the mass flow ratio would be reduced. For the
case of a constant area ejector the inlet Mach number of the

secondaryv flow would be reduced.

Figure 20 shows the results of calculations for a constanc
geometry ejector. The conditions are shown on Fiqure 20 for
which the curve was constructed. We show the total pressure
resulting from reversible mixing, Egquation (12), constant kinetic
energy, Equation (15), straight mixing, Egquation (21) and the
minimum possible total pressure Equations (43) for the indicated

secondary Mach number,

We have also shown results from our computer program for
constant area ejectors with friction. We have shown both solu-

tions for two values of f£(L/D): 0 and 0.1.

The significance of the minimum pressure curve is apparent
for the value of f(L/D) = 0.1l: both branches terminate on this
limit curve where the mixed flow is Mach one. The same is true
for each of the other supersonic branches that terminate on the
minimum pressure curve: the subsonic branch also terminates at
the same point. Each value of Mg represents one Fanno line for
the mixed flow. Thus, if a value of Pyy greater that Pompin 1S
achieved at some value of Mg we could increase the length of the
mixing tube, thereby causing the value of f(L/D) to increase,

until the minimum pressure is reached, at which point the flow
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would be choked, On the other hand, if we could reduce the
length and still have the flow completely mixed we could increase
the total pressure, This increase would terminate on one of the
two branches for which £(L/D) = 0.

If the mixed flow is subsonic the operating point is uni-
gquely determined by the back pressure for the appropriate f(L/D).

Referring again to Figure 19 we can determine a value of the
back pressure for which the flow must be supersonic. Since the
Fanno line represents the locus of all possible static states
that are consistant with the area and Mg (or mass flow ratio) we
can determine the minimum static pressure that is consistent with
subsonic flow at the point where the Mach number approaches one.
This limiting back pressure is also indicated on fFfigure 20. If
the back pressure is below this curve in the shaded region the
exit flow must be supersonic. Since we are concerned at this
time only with a configuration like Figure 1 the inlet secondary

Mach number must be equal to or less than one.

Clearly, in an experiment we could set the back pressure low
enough to insure supersonic operation. However, as stated
earlier, this boundary condition can not by itself enable us to
determine the operating point since the mixed flow is supersonic
and the exit pressure does not have to match the back pressure,.
Of course in a flying ejector we would want to adjust the flow
through a suitably designed diffusor or nozzle in order to match
the back pressure since this would optimize the thrust.

However, no matter how well we design the exit diffusor or
nozzle we can not improve the performance of the ejector: we can
in fact only lower the value of the exit total pressure. The
operating point on the supersonic branch is not determined by
either the back pressure or the exit diffusor (or nozzle design).
It 1s in fact uniquely determined by the inlet conditions as
discussed in the next section.




SECTION 6
DETERMINATION OF THE SUPERSONIC OPERATING POINT

Fabri and Siestrunck3 in 1958 presented the results of an
extensive study of air-to~air ejectors with high pressure ratios
in which the primary air flow is supersonic. Although they were
primarily concerned with jet pumps they presented a theory that
was in good agreement with their experimental results for the
predicted rates of induced mass flows if the mixing tube is long
enough and the geometric configuration of the set up is similar
to the theoretical one. Thus, even though our application is
vastly diferent we can use their approach to determine the

operating point on the supersonic branch.

For the case of supersonic mixed flows and a supersonic
primary flow Fabri and Siestrunck3 state that the inlet flow pat-
tern is similar to that shown on Figure 21. This flow pattern
represents the case where the inlet pressure in the primary flow
exceeds the inlet pressure of the secondary flow. Therefore, the
primary flow must undergo an additional expansion in the entrance
region of the mixing tube. The case where the two inlet
pressures match is a limiting case and therefore can be deter-
mined from this analysis. Since the expansion takes place very
guickly in the entrance region the flows will remain unmixed and
the siip line between the the primary and secondary flow is shown
as a double line emanating from the primary nozzle. (The double
line was originally drawn by Fabri and Siestrunck3 to account for
the wake effect due to the wall thickness of the primary nozzle
which they could not neglect since they were working with very
small ejectors. We will neglect the effect in our analysis since
it can be acccocunted for in a simple adjustment of the area ratio.)

If one considers the case where the primary inlet pressure
is less than the secondary inlet pressure, there would be a shock

in the primary fluid immediately at the entrance that increases the

pressure in the primary fluid. This requires the slip line at
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the nozzle lip to turn inward. Thus, the secondary flow sees a
minimum area at the inlet and the inlet secondary Mach number
will be Mach one for the supersonic mixed flow case because of
the flow pressure in the mixing tube required for the supersonic
branch. (If this were not the case the pressure in the secondary
flow would increase after the flow entered the mixing tube and
this requires a still further shock compression in the primary
flow which eventually would lead to a breakdown of the supersonic
flow in the primary jet. This breakdown would lead to a sub-
sonic mixed flow.) The case where the pressures are equal is
again a limiting case. But the inlet Mach number is always one,
including the limiting case.

These arguments do not hold if a throat is placed in the
secondary stream ahead of the inlet since the secondary flow
could then be supersonic when the pressures were matched at the

inlet,

The continuity and momentum equations can be written for
the control volume shown on Figure 21. The supersonic primary
flow expands and the Mach number increases to station e. The
subsonic secondary flow also undergoes an expansion and the Mach
number increases until it reaches Mach one at the station e; in
fact, this is the criteria by which we select the station e. The
method of characteristics would be required to study the supersonic
primary flow. However, the good agreement with experiment
obtained by Fabri and Siestrunck shows that it is adequate to
treat both flows by simple one-dimensional isentropic equations,

Since the secondary Mach number is one at station e we can
write for the constant area channel.

—_— = = (44)
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Using the well known isentropic flow equations for the area
ratios we have

1 1
2\" ¥-I a A 2\ y-T
S (e S T At T SV <= 2 SV PP
M 2 2 s

Mep

The isentropic relationships for the pressures can also be used.

2 Y
- _oy-l * -1
Pep Pop (l —_Y*‘l Mep) (47)
*
and since Mgg = 1
.
2 !
Pes = pos y+I (48)

using the momentum equation along with the isentropic relations

*
and the fact that Mgg = 1 enables one to derive the following
equation,




(49)

A computer program was written to solve these equations for
a given geometry which fixes Mp. The continuity equation,
Equation (46), was solved for Mep for given choice of MS. These
values were then used in Equation (49) to determine the value of
Pos/Pop that was consistant with the choice of M;. In this way
the curve shown on Figure 22 was constructed for the geometric
values (including Mp) shown on Figure 22.

In Figure 22 we show the total pressure required to achieve
the value of M;. Since the geometry is fixed the value, of the
mass flow ratio is determined by M; and we can use the mass flow
ratio and the values of Pop/Pog to determine the various limit

lines that we have previously discussed. These are also shown
on Figure 22. Finally, we have also shown the total pressure
achieved by the mixed flow on the supersonic branch.

when M; = 1, it is clear from Equation (46) that M;p = M;
since the right side of Equation (46) is simply Ap/A; (note Ap =

A - AJ).

If we solve Equaticr (49) for Pop/Pos for the conditions where

M; = 1 and Mge = M;, we obtain the indeterminate form of zero over !
zero. However, using L'Hospital's rule, we can show that the value

i * . t
of Pop/Pos is related to Mp

P R
oS P

Since M; = 1 when equation (50) is valid, it can be shown,

1p = P1g 2t

this condition also. This is indicated on Figure 22, Fabri and

using the isentropic relations for pressure, that P

Siestrunck refer to this condition as saturated flow.
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Dr. Morton Alperin has pointed out8 that there may also be
a point where M; is less than 1 and Plp = Pls' The value of M;
at which this occurs depends upon MS and the geometry.

For still lower values of the pressure ratio, the inlet
static pressure of the primary flow is lower than the static
pressure in the secondary flow. Thus, the primary fluid experi-
ences shocks within the mixing tube as indicated on Figure 22.
Finally, we reach the point where a normal shock stands in the
exit of the primary nozzle and for lower pressures we would have

subsonic primary exit flow into the mixing tube.

It is of value to consider the following thought experiment.
If we assumed that we have value of Pop/Pos = 100 for the ejector
of Figure 22, we see that M; = 0.55. With this value of P__/P

'
suppose that we set the value of the back pressure such thgg tg:
value of M; is 0.1 and the mixed flow is subsonic. As we lower

the back pressure, the value of M; increases toward 0.55. (For an
example of how back pressure affects M;, see Figure 9.) When we
reach M; = 0.55, a further reduction in back pressure would require
a higher value of M; and consequently, a higher value of ﬁs/ﬁp'
The experimental work of Fabri and Siestrunck3 show definitely

that this will not happen. Rather, the flow will make a transition
to the supersonic branch, and from then on it will be independent
of the back pressure. Thus, we can determine the value of the
transition back pressure from the subsonic branch by evaluating

the back pressure at the same value of M; at which the supersonic

branch will operate.

We can use the kinds of information shown on Figure 22 to
construct a graph like that shown on Figure 23. We have chosen
various area ratios and plotted the efficiency versus the mass
flow ratio achieved for values of other parameters shown on the
figure. Each curve terminates at the point where the value of
M; first reaches Mach one. The points are indicated by the hack
marks on Figure 23 along each area ratio curve. Now it is clear
from Figure 23 that the maximum efficiency is achieved for a
given mass flow ratio with the smallest diameter tube operating
at a value of M; = 1.
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SECTION 7
SUMMARY AND RECOMMENDATION

The results of our study have shown:

1) The supersonic branch can be achieved at subsonic,

secondary inlet Mach numbers.

2) The extremely high values of efficiency obtained on both
solution branches can be explained by the observation that the
constant area geometry is a sufficient conditon but not a necessary
condition for deriving the set of equations used for analyzing an

ejector.

3) Since the constant area condition is nct a necessary
condition, it explains why some of the solutions obtained with the

equations could not be achieved in an ejector.

4) Since the constant area condition is a sufficient con-
dition for deriving the set of equations, all of the physically
possible operating points (which conform to the assumptions) for
an ejector will be included in the set of solutions.

5) The Fabri and Siestrunck3 inlet condition uniquely
determines the single operating point for a given ejector that
can be obtained on the supersonic branch with Ms_il.

6) The back pressure at which the supersonic solution is
acquired can also be determined.

7) Operation at values of Msfil can be forced by the presence
of a throat in the secondary flow before the inlet.

8) The optimum efficiency for a given mass flow ratio occurs

l

when M, = 1 and the mixing tube has the smallest area consistent
with the mass flow requirements.

9) Limit lines were established for generalized mixers.
These 1limit lines include:
Reversible mixing;
Constant kinetic energy;
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Simple mixing;

43 e S e

Minimum total pressure.

10) Methods were shown for constructing T-s diagrams which
show the limit lines and the stagnation states required for thrust
augmentation at given flight Mach numbers.

11) Generalized thrust augmentation curves were constructed

using the efficiency, based on availability, as a parameter.

12) The analysis presented will enable the complete deter-
mination of performance of an ejector when used for thrust augmen-
tation. Thus, we are now in a position to determine realistic
estimates of the upper performance limits of ejectors for thrust
augmentation over a wide range of flight conditions.

We therefore make the following recommendations for future

work:

‘ 1) The current ejector investigation be extended toward

L establishing a theory and analysis of the upper bound of ejector
performance obtainable with the "second solution." Obtain upper
limits of ejector thrust augmentation characteristics over

, various flight, altitude regimes and bypass ratios, and compare

them with turbofan engine performance characteristics.

2) Based on the analytical results achieved in 1), we would:

a) Conduct theoretical studies of new methods of
achieving high performance ejector devices that are characterized

by compactness, light weight, and high efficiency; and

b) Outline the methods to be used in an experimental
verification of the theory that would define the fundamental
limitations of constant area ejectors operating with supersonic
mixed flow.
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COMPRESSIBLE FLOW EJECTOR ANALYSES

In this section we present a compressible flow analysis of
an ejector for both constant area and constant pressure. Both
problems can be solved in closed form if the fluids are assumed

to be ideal gases. However, the solutions are somewhat complex

and, therefore, computer programs were developed to obtain solutions

over a wide range of parameters for a number of combinations of
fluids.

We will first present the constant area analysis, then the
constant pressure analysis, and finally some results from the
computer runs.

Constant Area Analysis

A schematic of a constant area ejector is shown on Figure aA-1.

Also shown is the control volume used in the analysis.

At station 1 the flows are completely unmixed and each flow

is assumed to be uniform and parallel. Station 1 is located at

the exit plane of the primary nozzle. The exit area of the nozzle

is Ap and the area occupied by the secondary flow at station 1
is As. The exit area, A, at station 2 is the sum of the areas:

A=A_+A (A-1)

Station 2 is assumed to be located far enough downstream
from station 1 so that complete mixing has taken place and the
flow is uniform and parallel.

For the control volume shown we can write the continuity,
mementum, and energy solutions:

mp +mgo=m (A~-2)
P A - PlpAp PlsAs + ZwrfT = mp(Vp-Vh) + ms(Vs-Vm) (A-3)
\Y
] - . m
mphop + mshos = mm(hm + —2_) (A-4)
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In Equations (A-2) to (A-4) m is the mass flow rate and the sub-
script designates the primary flow at station 1, s designates the
secondary flow at station 1, and m the mixed flow at station 2.

In the momentum equation, P is the pressure and V the velocity;
r is the radius of the tube at station 2 and £ is the distance
between station 1 and 2. The pressure Plp does not have to be
equal to Pis since the primary nozzle will be a supersonic nozzle
in the applications of interest.

In the energy equation hop and hos are the stagnation
enthalpies of the primary and secondary flows, respectively, and
hm is the static enthalpy of the mixed flow.

The mass flow rates of both the primary and secondary flows
can be adjusted at will by controlling the stagnation conditions.
Thus, in view of (A-2), all mass flow rates are known.

Of course the uniform flow assumption allows us to write:

AV =nm A-5
P1p™p'p T ™ (A=5)
plsAsvs - Mg (A-6)

pmAVm = mm (A-7)

Hence, from the known geometry of the nozzle and ejector we
can obtain Vp and Vs if we assume an isentropic expansion from the
known stagnation conditions for the flow in the primary nozzle and
for the secondary fluid.

Consequently, the only unknowns in egquations (A-3), (A-4), and

(A-7) are Pm’ hm’ p_ and Vm. However, we also know an equation of

m
state:

P
m

]

£(hy, o) (A-8)

If conditions are such that condensation of the primary
vapor occurs in the ejector, an iterative procedure would be
required to obtain a solution since Equation (A-8) would not be
simple. However, for many cases of interest, it will be
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satisfactory to assume ideal gas behavior between station 1 and 2
for both the vapor and the secondary gas. (It is not required
that the primary gas expand as an ideal gas in the nozzle).

In the remainder of this section we will assume that the
gases are ideal gases with constant specific heats. Thus, we

can write:

o
1
(@]
|

(A-9)
and
P = pRT . (A-10)

where Cp is the specific heat at constant pressure and R is
the gas constant for the particular gas. For the mixed flow at
station 2 we have:

h =C_ T (A-11)

P

"
O
o
3

m mfmim (A-12)

Combining (A-12) and (A-7) yields

(note that Equations (A-13) and (A-11l) could be combined to form
an equation in the form of Equation (A-8) is desired).

We can obtain the following two equations from the momentum
and energy equations:

mmRm
AV TmA - (PlpAp + PlsAs - 21ritT) =
m ] . (A-14)
mp(vp - Vm) + ms(VS - Vm)
- \’;
x%zp op * Ms Mos = m (CoTp * ) (A~15)
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: Now Rm can be determined from the following simple mixing
L formula for an ideal gas.

mmRm = mpRp + msRs (A-16)

Thus, (A-14), (A-15), and (A-16) can be combined to obtain a
closed form solution to Vo Tm and Rm. From Equation (A-14)

= - L
T, R [(plpAp + PlsAs 2Tr T)Vm
m m
‘ (A-17)
+ mp(Vp - Vm)Vm + ms(Vs - Vm)Vm] :
while from Equation (A-15) and (A-9) we have >
] . 2 ‘ j
cp m CPS ms Vm i
Tn = ® Top tCT_ W& Tos ™ 2C . (A-18) ?
Pp ™ Pp ™ Pn

YIRS VR LRI VRV, )

Substituting for Tm in Equation (A-17) from Equation (A-18) and

(A-19)

dividing by Tls yields
i
C, My T c_m_|T v2 T [
pgi P op . os , _pPs s os _ m os _
m T T
Cpm m Tos Tls pPm m Tls 2Cpm os 1ls
5 AP ’
[(Plg> <Pos) 52 + Ag 214 J s v |
Pos Pls A A Plsr mmRmTls m
{
. ] 1
m_V ﬁ\svs m, o+ mg v:‘ !
* FRT - mtEaRT.. YmT TR T |
mmls mm'ls m m 1ls |
¢

Equation (A-19) is a quadratic equation in Vm and can, there- "
fore, be solved since all the quantities in the eauation are known
once the geometry and stagnation conditions are known.




Of course, a suitable estimate of the shear stress, T, needs
to be available. However, for our first estimates we have assumed
that 7 = 0 (Equation A-19).

The formulas of Table A~l are helpful in obtaining a solution
to Equation {(A-19). 1In Table A-l, W is the molecular weight of the
fluid.

With the exception of the fluid gas constant, R, in equation

T6 of Table A-1, all of the guantities with a bar over them are
ratios of the primary flow value to the secondary flow value. If

we cast each of the terms (excluding Vm) in Equation (A-~19) in
terms of these ratios, we obtain the following set of terms which

we designate with C's:

Cl = ———— (1 + M) (A-20)
rm o+ W T2 s i
I P
cz="mr 1 x5~ 1 2 (A-21) :
m + W S :
v
c3=(FE+1-3L_a+m) N (A-22) 2
1s m+ w i
ca =RHY (A-23)
m + w
W 2
C5 = —— M (A-24) ,
m+w °°8 ‘
’
==, !
ce = LB A1)y p2 (A-25) ?
w + m }4
Setting the ratio Vm/v1s S Vﬁ, we can write Equation (A-19) ﬁ
in terms of the C's as: b
f (C2 - C6) v;‘; + (C3 + C4 + C5) Vm -Cl=0 . (A~26)
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TABLE A-1l
USEFUL OTHER EQUATIONS FOR AN IDEAL GAS

ISENTROPIC FLOW

To Yy ~ 1 .2
T =it
P .
(o]
P o= (1 + L1 ugrl
o 1
7? = (1 + X ; 1 M2)Y~l
y +1
1 2 y -1 .21 26 =1IT
A* TOH [y y1 3+t M )}
'_1;9_ V2 _ ¥y -1 M2
T 3. - T3
o]
no_ oy Fo M
A - |
R/ =D

MIXING FORMULA

C_ m =C_ m +C__m
Pp ™ P, P PSS
m =C,m_+C._ m
Cvm m Vp P vy s
Ry m = Rp o R, m_
W m -1
1+.2 s 'p . s L
) wo My Yo Yg =
Tm Yp W m Y, -1
1+ -2 S8
ws mp

(A-T1)

(A-T2)

(A-T3)

(A~T4)

(A-T5)

(A-T6)

(A-T7)

(A-T8)

(A-T9)

(A-T10)

-t e g = - .




TABLE A-l (Concluded)
USEFUL OTHER EQUATIONS FOR AN IDEAL GAS

r = [yp/(yp - l)]/[Ys/(Ys -1)]

/W

c C
PP/ ps

/ (fm + W) /(W(m + 1)]

Con’Cps

R /R, = (M + W) /[W(m + 1))

c = I'm/(m + W
ppmp/ Tm/(Tm + W)

Cpm M

Rpmp/ammm =m/(m + W)

(A-T11)

(A-T12)

(A-T13)

(A-T14)

(A-T15)
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If we evaluate Equation (A-6) for the secondary flow rate and

the primary flow rate, we can show that

Yp+1 Ys+1
— y_-1 IV
2(y_-1) s 2\ 2(y_-1)
= -V — ] |y +1 A M
A To P p s

In Equation (A-27) we have assumed the primary nozzle is
chocked. The value of MS can be controlled in an experiment by
adjusting the back pressure on the ejector at station 2 for a
given value of Pos' Thus, we have used Ms as our independent
variable in our computer calculations. A geometry, pair of fluids,
and stagnation conditions are chosen and Equation (A-27) is solved
for m (or we hold m fixed and calculate &) for various values of
M. Equations (A-20) through (A-26) can then be solved for each
value of M . Once Vm is determined, either Equation (A-27) or
(A-28) can be used to determine Tm. The density and pressure can
be determined by Equations (A-7) and (A-13). Therefore, all of
the properties at station 2 are completely determined.

Ejector "Efficiency”

Many definitions of ejector efficiency can be made and
found to be useful. Some of them, however, are pseudo efficiencies
since they can be greater than one under certain conditions of
operation.

For our purposes we have calculated at this time four
pseudo efficiencies. Each is briefly discussed below.

The first pseudo efficiency that we have considered is based
on the thermodynamic availability, ¢, of the primary vapor and
the availability of the mixed gas and vapor leaving the ejector.
If we neglect potential energy terms we have, in general, for the
availability of a fluid in steady flow:

¥ =h, = hy =T (s~ sp) (A-28)

where hR is the reference enthalpy and Sp is the reference entropy
and ho is the stagnation enthalpy of the fluid (therefore, it

e I e+ 4 7




includes kinetic energy) and s is the static entropy of the fluid.
Ordinarily, the reference values would be evaluated at atmospheric
pressure and temperature; however, for our purposes we will evaluate
the reference values at the stagnation temperature and pressure of
the secondary gas. This insures us that the secondary gas will
have zero availability before mixing and that all the availability
results only from the primary flow.
For an ideal gas with constant specific heats, we have:

ho - hR = CP(’I'o - TR) (A-29)

and since the entropy can be found from the isentropic stagnation

Ts P
s - sp = Cpln 7/~ R in\— . (A-30)

R R

conditions, we have:

Therefore, we can write for the general case

y-1

To To PR Y

p = C_T 2.1 -an | 2= (A-31)
PR TR TR Po

Evaluating Equation (A-31) for the primary flow and the

secondary stagnation conditions for the reference state, we have

Y, ~1
T° To (Pos) Y
Yy, = C T P 1 - an |2R (28 p (A-32)
P PP “os Tos Tos Pop
and for the mixed gas we have
Y.~-1
v =C., T Eﬂ-’-l—znzﬂ(x)—% $m (A-33)
*
m Pp ©% Tos Tos Pom -
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Thus, the efficiency based on availability, Nav’ is
[ 'nt
. Tom -1 - in Tom Pos ym
mmC m Tos Tos Pom
: n P = (A-34)
av m_C
P PP - Yp‘l
T T P Yo
2°pP 1 - %n _OP oS
Tos L Tos Pop

Since all the gquantities in Equation (A-34) are known from
the previous calculations, we can determine Nav’ and it is a true
efficiency for the ejector if primary and secondary gases are the
same, but a pseudo efficiency if not, since we neglected the

availability due to disimilar gases.

In the other bpseudo efficiencies that we have looked at, we

Civide the enthalpy change of the mixed flow for an isentropic

expansion from the stagnation conditions of the mixed flow to the
secondary stagnation pressure, Pos’ by three different changes in
enthalpy of the primary.

In the first case, we use the change in the enthalpy of the
primary for an isentropic expansion from the primary stagnation
conditions to the secondary stagnation pressure.

h
{(h -'m )
om @Pos) (A-35)

n .
P (hop - h@Pos '

8159

pos

In the second case we use the change in the enthalpy of the
primary for an isentropic expansion from the primary stagnation
conditions to the static pressure, P

1p at the inlet to the ejector.

. h
mn, (hop - m

n = @pos’
plp ﬁ; (h

o (A-36)
P h@Plp)




Finally in the third case we use the change in the enthalpy
of primary for an isentropic expansion from the primary stagnation
conditions to the secondary stagnation temperature.

h

n - fg (hom - m@Pos) (A-37)
Tos m (hop - h@Tos)

Under certain conditions the "efficiencies" in Equations
(A-35}) to (A-37) can be greater than one and, therefore, they are
not true efficiencies.

Constant Pressure Analysis

For the constant pressure case, the momentum eguation takes

a very simple form if we neglect shear stress:

mp(Vp - Vm) + ms(Vs - Vm) = 0. (A-38)

Equation (A-38) can be immediately solved for Vm' Using the same
notation as for the constant area case we obtain the result:

v, = o= (A-39)
m+ 1
The temperature can be found from the energy eguation,

Equation (A-18), which is also valid for the constant pressure case.
The pressure is, of course, equal to the inlet value, therefore
Equation (A-13) can be solved for the exit area. Thus, a complete
solution can be found for constant pressure which is simpler
than the cohstant area case. The efficiency definitions can be

used for either the constant pressure or constant area case.

Computer Results of Ejector Studies

A large number of comptuer runs have been made for various
combinations of fluids and geometries. Data for the runs presented

in the main body are p»resented in this section.
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The first set of data is presented for air driving air in
the constant area case. The mass flow ratio was set to 0.1. All
of the tables present the tabulated computer results used to plot
Figures 2 and 3 in the main body. The first column contains the
secondary Mach number, Ms, which is taken as the independent variable.
The second column is Pls/Pos (because of lack of space, it is
labeled P1lS/ and the third column is the temperature ratio
Tls/Tos)' Each of these values are obtained from Ms using isentropic
relations. The exit area of the primary nozzle is chosen to match
the pressure of the primary to the secondary. This sets the value
of the primary Mach number, Mp (located in column 10) and enables
one to find Tlp/Top and Plp/Pop (located in columns 11 and 12).

Column four gives the ratio of the primary velocity to the
secondary velocity Vp/vs and column five gives the ratio of the
mixed velocity to the secondary velocity.

Column six gives the mixed flow Mach number. Column seven
is the pressure ratio Pm/Pos and column eight is the temperature
ratio Tm/Tos’ The gamma value of the mixture is given in column

nine.

Column thirteen gives the area ratio Ap/As required to match
the exit pressure and column fourteen gives the value of A/R*.
The last four columns give the three efficiencies discussed
in this Appendix and the entropy increase.
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CONSTANT PRESSURE CALCULATIONS
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APPENDIX B j

[

DETAILED DESCRIPTION OF MACHINERY REQUIRED TO ACHIEVE ANY ; 3
DESIRED TOTAL PRESSURE FOR CONSTANT ENERGY STEADY FLOWS ‘,
0
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- Components of Figure B-1

1, Reversible adiabatic components:

Cl: primary compressor
C2: primary turbine that drives Cl
C3: primary turbine that drives C4

C4: secondary compressor

2. Reversible isothermal components

C5: primary isothermal compressor

Cé6: secon?ary isothermal tirbine that drives C5 and o
exchanges heat with C5 jw

C7: Mixed flow isothermal compressor (or turbine) that

adjusts final stagnation pressure to any desired value

88

5
i
E!




Stations

Op:

lp:

1ls:

2s:

We have shown a turbojet engine receiving mass flow m at

Tos and Pog and supplying conditions of Pop and Top at sta-
tion 1lp.

Conditions Pgop and Top and ﬁp. The nozzle produces any

desired Mach number Mp (or Mp*) at station lp with static
pressure The flow can be
diffused
Al though

by a jet engine,

Plp and
and fed

we show

static temperature T)p.
to the reversible adiabatic turbine.

that the stagnation conditions are supplied
they could also be provided by a boiler and
the gas could be a primary vapor which may be a different

gas than the secondary.

A secondary gas flow is supplied at flow rate hs and stagna-
tion conditions Tog and Pog. The nozzle supplies the flow

at any desired Mach number, Mg(or Mg*), at a static pressure
of Pyjg. The flow can be diffused to any desired value

before entering the reversible adiabatic compressor Ci,.

Af ter passing through the reversible and adiabatic turbine
the primary flow comes to the total temperature Toy and a
total pressure Pgpp. Since the reversible adiabatic process
Thus,

S2p = Slp = Sop (i.e., the stagnation value of the entropy

is isentropic, the entropy is unchanged.

at station 1lp).

The secondary flow is compressed in a reversible adiabatic
process in compressor C4 to a stagnation temperature of

Tom at stagnation pressure Pgag. Since this is an isentro-
pic process, we have: S35 = S]g = Sgg (i.e., the stagnation

value of the entropy at station 1ls),

Now the isentropic work, Wigg, transfered from turbine C3 to
compressor C4 is:

Wisg = Mmp Cp(Top = Toms/ = Mg Cp(Tom - Tos) -
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Im:

Hence,

(mp + mS)Tom = mp TOp + ms Tos . (B-1)

Clearly, this is just the constant energy mixing condition.

The conditions at 1lm result from mixing the secondary and
primary gases that went through the reversible isothermal
compressor C5 and the reversible isothermal turbine C6. We
can relate t - isothermal work to the heat transfer and to
the entropy changes (since we have assumed reversible
processes) .

( - s )

=m T (s_-s_ ) =m sop om

wISO =Q S "om m os pTom

therefore

(ms + mp)som = mp sop + Mg S, . (B=-2)

Clearly, this is just the constant total entropy condition
which is required for reversible mixing of the two incoming
streams.

Finally, we take the mixed flow at conditions 1lm and
compress the mixed flow with a reversible isothermal
compressor C7. In this way, we can compress the mixed flow
to any desired stagnation pressure while still keeping the
total temperature the same: i.e., Tom' The work required
for the compressor C7 is equal to the heat transfer. These
guantities are shown crossing the control volume at the
boundary station B. We may expand the mixed flow through a

nozzle to any Mach number and exit area that we wish.

If we write the momentum equation for the control volume
shown in Figure B-l, we must in general include the force in
the strut at the boundary station f. Since we are free to
produce any stagnation pressure we want at station m, we can
produce any force we desire at station f£f. (Note: the
couplings at lp and ls have seals that do not contribute
any force on the control volume.,)
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Clearly, we can write the following equations for the control

volume of Figure B-1 when we have steady flow conditions.

Continuity:
m = ms + mp (B-3)
or
Pm Am Vm = Pg AS Vs + pp Ap Vp (B-3a)
Energy:
m Tom = ms Tos + mp TOp (B-4)
and momentum
PmAm - PlpAp = PlsAs + f = mp(Vp - Vm) + ms(VS - Vm) (B-5)

Now if we arbitrarily require that

Am = Ap + As (B-6)

and that the force in the strut is zero
£f=0 (B-7)

We have a set of equations that are formally identical to
those that we write for a constant area ejector.

The complete solution to these equations for a given set of
inlet conditons can be used to produce efficiency maps as
shown on Figures 4 and 5 of the main body of the report for
subsonic and supersonic solution branches.

All of these solutions could be achieved with the machinery
shown in Fiqure B-1 of this Zppendix, but all of them could
not be achieved with a constant area ejector.

It is also quite clear that the ideal machinery of Figure B-1

could be replaced with real, inefficient machines and ordinary
heat exchangers such that Equations (B-3) thorugh (B-5) would
still be valid. Thus, all of the solutions shown on Figures

4 and 5 of the main body of the report could be achieved

with real machines. However, it is highly unlikely that such
a device would have any practical significance.




